The classical Frobenius-Schur duality gives a correspondence between finite dimensional representations of the symmetric and the linear groups. The goal of the present paper is to extend this construction to the quantum toroidal setup with only elementary (algebraic) methods. This work can be seen as a continuation of [J], [D1] and [C2] (see also [CP] and [GRV]) where the cases of the quantum groups U q (sl (n)), Y ( sl (n)) (the Yangian) and U q ( sl (n)) are given. In the toroidal setting the two algebras involved are a deformation of Cherednik's double affine Hecke algebra introduced in [C1] and the quantum toroidal group, as given in [GKV]. Indeed, one should keep in mind the geometrical construction in [GRV] and [GKV] in terms of equivariant K-theory of some flag manifolds. A similar K-theoretic construction of Cherednik's algebra has motivated the present work. At last, we would like to lay emphasis on the fact that, contrary to [J], [D1] and [C2], the representations involved in our duality are infinite dimensional. Of course, in the classical case, i.e. q = 1, a similar duality holds between the toroidal Lie algebra and the toroidal version of the symmetric group.
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Definition of the toroidal Hecke algebra.
For any non-negative integer k set 
× and the following relations :
where X 0 = X 1 · X 2 · · · X l .
Remarks. (i)
When x is taken to be 1 the toroidal Hecke algebra is nothing but the double affine Hecke algebra introduced by Cherednik (see [C1] ).
(ii) Note that the map
extends to an automorphism, Ξ, ofḦ A over C.
Proposition. The toroidal Hecke algebraḦ A admits an equivalent presentation in terms of generators
with relations :
A ⊂Ḧ A be the subalgebras generated respectively by T i
A are isomorphic to the affine Hecke algebra over A of type gl (l), simply denotedḢ A .
1.5.
Let H A ⊂Ḧ A be the subalgebra generated by T i
Thus, H A is the Hecke algebra over A of finite type gl (l).
1.6. Given complex numbers q, x, y ∈ C × , let M x,y,q ⊂ A be the maximal ideal generated by q− q,
x − x and y − y. Then, put C x,y,q = A/M x,y,q and
2. Definition of the toroidal quantum group.
2.1. Definition. The toroidal quantum group of type sl (n + 1),Ü B , is the unital associative algebra over
The relations are expressed in term of the formal series
as follows
LetU
(1)
B ⊂Ü B be the subalgebras generated respectively by
, and e i = e i,0 ,
). The relations involving the Fourier coefficients of
are precisely the relations in Drinfeld's "new presentation" of the affine quantum group of type sl (n + 1) (see [D1] ). In another hand the relations involving e i , f i and k are both isomorphic to the affine quantum group of type sl (n+1), simply denoted byU B (see [B] ).
2.4. Let U B ⊂Ü B be the subalgebra generated by
× ). Then U B is the quantum enveloping algebra of sl (n + 1).
Given complex numbers
,q ⊂ B be the maximal ideal generated by c − c,
We say that aÜ-module M is integrable if
and the e i,k 's and f i,k 's are locally nilpotent on M . Moreover, aÜ-module is said to have trivial central charge if its restrictions both toU (1) andU (2) have (in particular, c = 1).
2.6. Fix q ∈ C × , and suppose that l ≤ n. Following [CP, 2.5 ], a U-module is said to be of level l if its irreducible components are isomorphic to irreducible components of V ⊗l . Then aU-module or aÜ-module is said to be of level l if it is of level l as a U-module.
3. Definition of the duality functor.
Fix c, d, x, q ∈ C × and set y = 1.
3.1. Let V be the fundamental representation of U. It has a basis
on which the action
Then, V ⊗l is a left U-module for the induced action given by the following coproduct
This action commutes with the left H-action given by
For any
to be the automorphism of the algebraU given on the KacMoody generators by the formula
are the usual quantum divided powers (see [L1, 3.1 .1]) and s i ∈ S n+1 is the transposition
be the braid operator defined by 
Similarly, denote by τ the automorphism of the affine Dynkin diagram A
n (with vertices indexed by 1, . . . , n, n + 1) given by τ (i) = i + 1 (i ∈ [n] × ), τ (n + 1) = 1. Let τ ′ be the automorphism of the algebraU given, in terms of its Kac-Moody generators
. Take a rightḢ-module M . In particular, M is a right H-module and we can consider the dual left U-module M ⊗ H V ⊗l . This module is endowed with a structure of leftU-module such that for any m ∈ M and v ∈ V ⊗l (see [CP] )
where e θ , f θ , k θ ∈ End C (V) are defined by means of
and
where v n+2 stands for v 1 and j = (j 1 , . . . , j l ) is an l-tuple of integers in
. As a consequence of (3.2.1) and (3.2.2),
Example. If l = 1 we find
Lemma. Let j be non decreasing, and set
Proof. From [L1, 5.3.4] , for all integrableU-modules N 1 , N 2 and for all n 1 ∈ N 1 , n 2 ∈ N 2 (3.2.6)
(note that Lusztig uses the opposite coproduct in [L1] ). Put j 1 = (j 1 , . . . , j l−1 ) and for any permutation σ ∈ S n+1 , set σ(j) = (σ(j 1 ), . . . , σ(j l )). We first compute t
We have e 1 (v j1 ) = 0 if and only if j 1 −1 (2) = ∅ and f 1 (v j l ) = 0 if and only if j l = 1. Since j is non decreasing, using (3.2.6) and (3.2.4) we find
where a i is the cardinality of j −1 (i). Suppose that
that is if and only if j 1 −1 (k + 2) = ∅ and j l = 1. Since j is non decreasing, using (3.2.6) and (3.2.4) we get the same formula as above for t
where v 0 stands for v n+1 . Applying τ ′′ we find the result. ⊓ ⊔
Take now a rightḢ
(1) -module M and consider its dual leftU
3) we can use all the constructions of the section 3.2 for theU
In particular, the formulas for e n+1 , f n+1 and k n+1 write as follows
TheU
(1) -module structure on M ⊗ H V ⊗l is given in terms of Drinfeld generators by (see [GRV] ) :
Theorem. If j is non decreasing and i ∈ [n]
× we have Proof. Let us prove the formula involving e i,h . We know that e 1,h = (
ω1 (e 1 ) (see [B, 4 .6] and 2.3). So (3.2.3) gives (3.3.1)
First of all note that formulas in section 3.1 give (with j −1 (1) =]0, s] and j −1 (2) =]s, t])
.
We have
since T i and t ′′ ω1 commute. Thus, using lemma 3.2, the right hand side of (3.3.1) is
).
A similar computation for the left hand side of (3.3.1) gives
since Y i commutes to e 1,h . Now Y i commutes also with T k,s+1 if i ∈ [s] × . Thus we finally obtain
For the other cases we proceed in a similar way. Namely, since the i-th fundamental weight ω i
Remark. The relations (2.1.3) give in particular
Moreover, for any non-decreasing l-tuple j one gets
Thus, the evaluation of the above formula on a non-zero vector of type m ⊗ v 1 ⊗ v 2 ⊗ · · · ⊗ v l gives c = 1. In other words, on the dual module M ⊗ H V ⊗l the central element c is trivial, even if M is not finite dimensional.
3.4. In the two next sections set c = 1 and take a rightḦ-module M . In particular M is a righṫ H (1) -module and thus M ⊗ H V ⊗l is endowed with aU
M ⊗ H V ⊗l be the linear map defined for any l-tuple j = (j 1 , j 2 , ..., j l ) and any m ∈ M by
where v n+2 stands for v 1 .
In order to prove this proposition we need the following
Proof. We prove the first equality, the second being similar. First, suppose that i = 1 and use a decreasing induction on j.
. Take r such that 1 ≤ r ≤ j − 1, then r ≤ j and by induction we get
Since r = j, j + 1, we have T j · Y r = Y r · T j and we are done. Fix now j and make induction on i, the case i = 1 being proved before. Consider i + 1 ≤ r ≤ j. Then i ≤ r and by induction we have
Since 1 + r = i, i + 1 we have T i · Y r+1 = Y r+1 · T i and we are through.
⊓ ⊔
Proof of the proposition. We prove the relation involving e i . Suppose first that i = 0, 1. Take a non decreasing l-tuple j. Put
where
On the other side
Thus the relation follows from
which is a consequence of preceding lemma (note that 1 ≤ s + 1 ≤ p and 0 < k < p − 1 for any k ∈]s, t[).
Suppose now that i = 1. Set .
In another hand,
Thus it suffices to prove that (3.4.1)
Formula (3.4.1) follows from
Lemma. For any r < l set P r = Q l−r,l−1 · · · Q 2,r+1 · Q 1,r ∈Ḧ A . Then, if r < s + 1 and r < k < l,
Proof. By definition of P r one gets
Then a direct computation gives P r = q 2r(r−l) Q −1
· X 0 , and the result follows from the preceding lemma.
The operators are thus defined in such a way that if i ∈ [n] and
where e −1 (z), f −1 (z) and k ± −1 (z) stand for e n (z), f n (z) and k ± n (z).
Remark. Let e θ , f θ , k θ ∈ End C (V) and f θ,j , e θ,j be defined as in 3.2. A direct computation gives, for any v ∈ V ⊗l and m ∈ M ,
The main result of this section is the following theorem :
Theorem. Suppose that x = d −n−1 q n+1 and c = y = 1. Proof. By construction, the formulas for e i (z), f i (z), k
where Q = X 1 · T 1,l−1 (see 1.3). But M → M ⊗ H V ⊗l is an equivalence from the category of Hmodules to the category of integrable U-modules of level l (since q is not a root of unity, see 4.1). Thus, if v ∈ V ⊗l is a generator of V ⊗l , i.e. V ⊗l = U · v, the map M ∋ m → m⊗v ∈ M ⊗ H V ⊗l is injective for any H-module M .
(i) Set v = v 1 ⊗v 2 ⊗ · · · ⊗v l and w = v 2 ⊗v 3 ⊗ · · · ⊗v l ⊗v n+1 . Then, e 0 (m⊗v) = q 1−l m · Q⊗w.
Since w is a generator of V the first relation in (4.2.1) follows from e 0 · k Thus, since w is a generator of V, we get the second relation in (4.2.1). ⊓ ⊔
Conclusion.
Using the theorems 3.5 and 4.2 we get the duality theorem :
Theorem. Suppose that q is not a root of unity, x = d −n−1 q n+1 , c = y = 1 and l + 1 < n. Remark. By duality, sinceḦ admits finite dimensional representations if and only if x = 1, the toroidal quantum groupÜ admits finite dimensional representations if and only if d n+1 = q n+1 .
